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GLUING CONSTRUCTION OF COMPACT Spin(7)-MANIFOLDS 
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Abstract. We give a differential-geometric construction of compact manifolds with holonomy Spin(7) which 
is based on Joyce’s second construction of compact Spin(7)-manifolds in ifTTl and Kovalev’s gluing construc¬ 
tion of G 2 -manifolds in ifT^ . We also give some examples of compact Spin(7)-manifolds, at least one of 
which is new. Ingredients in our construction are orbifold admissible pairs with a compatible antiholomor- 
phic involution. Here in this paper we need orbifold admissible pairs (A, D) consisting of a four-dimensional 
compact Kahler orbifold X with isolated singular points modelled on C''^/Z 4 , and a smooth anticanonical di¬ 
visor D on X. Also, we need a compatible antiholomorphic involution cr on A which fixes the singular points 
in A and acts freely on the anticanoncial divisor D. If two orbifold admissible pairs (Ai, Di), (A 2 , D 2 ) 
with dime A^ = 4 and compatible antiholomorphic involutions ai on Xi satisfy the gluing condition, we 
can glue {Xi\Di)/ (cti) and {X 2 \ D 2 )/ ((T 2 ) together to obtain a compact Riemannian 8-manifold (M, g) 
whose holonomy group Hol(p) is contained in Spin(7). Furthermore, if the A-genus of M equals 1, then M 
is a Spin(7)-manifold, i.e., a compact Riemannian manifold with holonomy Spin(7). We shall investigate 
our gluing construction using orbifold admissible pairs {Xi,Di) with i = l,2wheni4i = D 2 = D and D is 
a complete intersection in a weighted projective space, as well as when (Ai, Di) = (A 2 , D 2 ) and ai = 172 
(the doubling case). 


1. Introduction 

The purpose of this paper is to give a gluing construction and examples of compact Spin(7)-manifolds, 
i.e., compact Riemannian manifolds with holonomy Spin(7). We constructed in our previous papers ||6l and 
Q Calabi-Yau threefolds and fourfolds by gluing together two asymptotically cylindrical Ricci-flat Kahler 
manifolds, using the gluing technique which Kovalev used in constructing compact G 2 -manifolds lfT2l . Such 
asymptotically cylindrical Ricci-flat Kahler manifolds A are obtained from admissible pairs (A, D) by set¬ 
ting X = X \ D. In the present paper we glue instead two asymptotically cylindrical Spm{7)-orbifolds 
to construct a compact Spin(7)-orbifold, and then resolve the singularities to obtain a compact Spin(7)- 
manifold. Such asymptotically cylindrical Spin(7)-orbifolds are obtained by setting {X \ D)/ (a) from 
orbifold admissible pairs (A, D) with isolated singular points modelled on C^/Z 4 , and a compatible anti¬ 
holomorphic involution a on A. Originally, Joyce resolved A = X\Dto obtain compact Spin(7)-manifolds 
when A is a four-dimensional Calabi-Yau orbifold and U = 0, so that A = A is compact: Beginning with 
a compact four-dimensional Calabi-Yau orbifold A with isolated singular points modelled on C^/Z 4 , and 
an antiholomorphic involution cr on A with (A)'^ = Sing A, Joyce proved first that Z = X j {a) admits a 
torsion-free Spin(7)-structure. Since the associated Riemannian metric is flat (Euclidean) around the singu- 
larites of Z, he then replaced the neighborhood of each singularity of Z with a suitable asymptotically locally 
Euclidean (ALE) Spin(7)-manifold to obtain a family of simply-connected, smooth 8-manifolds { } for 

e G (0,1] with a Spin(7)-structure with small torsion, which satisfies d4>*^ —>■ 0 as e —0 in a suitable 
sense. Einally, he proved that can be deformed to a torsion-free Spin(7)-structure for sufficiently small 
e using the analysis on Spin(7)-structures, so that M = M'^ admits a Riemannian metric with holonomy 
Spin(7). We note that asymptotically cylindrical Spm{7)-manifolds are recently constructed by Kovalev in 
lfT3l by resolving {X\D)/ (a). 

In our construction, we begin with two orbifold admissible pairs (Ai,Ui) and [X 2 ,D 2 ), consisting of 
a compact Kahler orbifold Xi with dime Ai = 4 and a smooth anticanonical divisor Di on Ai. Also, 
we consider an antiholomorphic involution ai acting on each Xi. As in Joyce’s second construction of 
compact Spin(7)-manifolds, we require that Ai have isolated singular points modelled on C^/Z 4 , and 
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{XiY = SingXj (see Definintions l3.6l and l3.llb . In addition, we suppose that a preserves and acts freely 
on D. Then by the existence result of an asymptotically cylindrical Ricci-flat Kahler form on Xi \ Di, 
each Xi \ Di has a natural tTi-invariant asymptotically cylindrical torsion-free Spin(7)-structure, which 
pushes down to a torsion-free Spin(7)-structure on Xij {ai). Now suppose the asymptotic models 
[{Di X S^)/ (cr£). xsi.cyi) X R-i-i ‘J’i.cyi) of {{Xi \ Di)/ (ai), T’i) are isomorphic in a suitable sense, which 
is ensured by the gluing condition defined later (see Section 13.4.1b . Then as in Kovalev’s construction 
in ca, we can glue together [Xi \ Di)/ (cti) and {X 2 \ D 2 )/ {(J 2 ) along their cylindrical ends (Hi x 
(o-DixSi.cyi) X (T - 1,T -h 1) and {D 2 x 5^)/ (crii^xSi.cyi) x (T - 1,T -h 1), to^btain a compact 
8-orbifold M^. Also, we can glue together the torsion-free Spin(7)-structures <l>i on [Xi \ Di)/ {ai) to 
construct a d-closed 4-form $ J on . Furthermore, replacing each neighborhood of singular points in 
My with a certain ALE Spin(7)-manifold, we construct a family (My, <I)y) of simply-connected, smooth 
8 -manifolds with a d-closed 4-form for sufficiently small e > 0, such that each 4>y is projected to a Spin(7)- 
structure 4)y = 0($y), with <l>y —j-OasT —i>ooore—^-Oina suitable sense. Now set e = for 

some 7 > 0, and {M^, = (My, 4)y). Then using the analysis on Spin(7)-structures by Joyce IfTTlI . we 

shall prove that can be deformed into a torsion-free Spin(7)-structure for sufficiently small e, so that the 
resulting compact manifold M*^ admits a Riemannian metric with holonomy contained in Spin(7). Since 
M = M*^ is simply-connected, the A-genus A[M) of M is 1, 2,3 or 4, and the holonomy group is deter¬ 
mined as Spin(7), SU(4), Sp(2), Sp(l) x Sp(l) respectively (see Theorem l2.8b . Hence if A[M) = 1, then 
M is a compact Spin(7)-manifold. 

Beginning with a Fano four-orbifold V with a smooth anticanonical divisor D, Kovalev obtained an orb- 
ifold admissible pair (A, D) of Fano type as follows. Let S' be a smooth complex surface in D representing 
the self-intersection class D ■ D on V. If we take X to be the blow-up of V along S, then the proper trans¬ 
form of D in X, which is isomorphic to D and denoted by D again, is an anticanonical divisor on X with 
the holomorphic normal bundle trivial. Hence [X, D) is an orbifold admissible pair (Theorem l4.8b . 

For a given orbifold admissible pair {Xi,Di) with a compatible antiholomorphic involution ai, it is 
difficult in general to find another admissible parr (A 2 , H 2 ) with a 2 such that both [Xi\Di)/ {ai) have the 
same asymptotic model. One way to solve this is the ‘doubling’ method used in 0 , Q, in which we take 
{Xi,Di) = (A 2 , D 2 ) and cri = a 2 - For another solution, we investigate orbifold admissible pairs {X, D) 
of Fano type when 1/ is a complete intersection in a weighted projective space W = CP^~^^{ao ,..., afc+ 3 ) 
with k ^ 2. Suppose a is an antiholomorphic involution on W and 

V = {[z]gW \ /i(z) = •• • = fk-i[z) = 0}, D = {[z]gW \ /i(z) = ••• = /fc(z) = 0}, 

where D is smooth and fi are weighted homogeneous polynomials satisfying deg /i + • • • + deg fk = 
ao -f • • • + afc +3 and a* fi = fi for i = 1,... ,k- Then by the adjunction formula, 1^ is a Fano four-orbifold 
with an anticanonical Calabi-Yau divisor D. Choosing fk+i so that 

deg/fc+i = deg fk, o* fk+i = fk+i and 

S = {[z] eW \ fi[z) = ■■■ = /fc+i(z) = 0 } represents D ■ D, 

we have an orbifold admissible pair {Xi,Di) with a compatible antiholomorphic involution ai such that 
(Hi, ai\jjY is isomorphic to (H, crlyi). Meanwhile, if we exchange fk and fk-i (and choose suitable fk+i 
correspondingly), then V may change, but H does not change. Hence we have another orbifold admissible 
pair {X 2 , D 2 ) with a 2 which has the same asymptotic model. 

In the present paper, we shall give 3 topologically distinct compact Spin(7)-manifolds, at least one of 
which is new. Each of the examples satisfies lf{M) = lf[M) = 0 and A{M) = 1. 

In order to show A{M) = 1, we shall make an approach similar to Q, Section 4.4, that is, we reduce 
the problem to the computations on the cohomology groups of H and S. Using some results on weighted 
complete intersections in JS), we conclude that each resulting 8 -manifold M satisfies A[M) = 1. Betti 
numbers ( 6 ^, If, lA) of the compact Spin(7)-manifolds in our construction are (0,0, 910), (0, 0,1294) and 
(0, 0,1678). Of these compact Spin(7)-manifolds, the resulting manifold M with x[^) = 1680 is at least 
one new example which is not diffeomorphic to the known ones (see Theorem l4.10b . 

This paper is organized as follows. Section[2]is a brief review of Spin(7)-structures. In Section[3]we define 
orbifold admissible pairs which will be ingredients in our gluing construction of compact Spin(7)-manifolds. 
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This section is the heart of this paper. We consider compatible antiholomorphic involutions cr on orbifold 
admissible pairs {X, D) and glue together two orbifold admissible pairs with dime X = A divided by a. 
The gluing theorems are stated in Section [T5] including both cases of Spin(7)-manifolds and Calabi-Yau 
fourfolds. Giving a quick review of basics on weighted projective spaces in Section im we obtain in Section 
14.21 orbifold admissible pairs from complete intersections in weighted projective spaces. Then in Section 
14.31 we give a new example of compact Spin(7)-manifolds M with the Euler characteristic x(M) = 1680. 
We also find Betti numbers , b'^) of this Spin(7)-manifold by applying the Mayer-Vietoris theorem. 

In the last section we shall give other examples of compact Spin(7)-manifolds taking weighted complete 
intersections in CP^(1,1,1,1,4,4). All the resulting compact Spin(7)-manifolds are listed in Table [5^ 
Finally we illustrate an example of the doubling construction of Calabi-Yau fourfolds (Corollary 13. 23b from 
orbifold admissible pairs. 

Acknowledgements. The first author is grateful to Professors Xiuxiong Chen and Xu Bin to give the oppor¬ 
tunity to visit University of Science and Technology of China, Hefei in April, 2011 and discuss the authors’ 
joint research projects with them. The second author is also grateful to Professors Xiuxiong Chen, Xu Bin, 
Shengli Kang and Haozhao Li for their support and encouragement when he was in USTC. 


2. Geometry of Spin(7)-STRUCTURES 

Here we shall recall some basic facts about Spin(7)-structures on oriented 8-manifolds. The material in 
this section is also discussed in Q, Section 2. For more details, see Ifm . Chapter 10. 

We begin with the definition of Spin(7)-structures on oriented vector spaces of dimension 8. 

Definition 2.1. Let V be an oriented real vector space of dimension 8. Let {0^,..., 0®} be an oriented basis 
of V. Set 

=01234 _|_ q1256 _|_ ^1278 _|_ ^1357 _ gl368 _ ^1458 _ ^1467 
_ ^2358 _ ^2367 _ ^2457 ^2468 ^ ^3456 _|_ ^3478 ^ ^5678 
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go=^0*®0 \ 

i=l 

where = 0* A 0^ A • • • A 0^. Define the GL+(U)-orbit spaces 

.4(U) = {a*$o|aeGL+(U)}, 

Met(V) = {a*golaeGL+(V)}. 


We call A{V) the set of Cayley A-fonns (or the set of Spin(7)-ifrMcfMrei) on V. On the other hand, 
M.et{V) is the set of positive-definite inner products on V, which is also a homogeneous space isomorphic 
to GL_|_(U)/SO(U), where SO(U) is defined by 

SO(U) = {aGGL+(U) |a*go = go}. 

Now the group Spin(7) is defined as the isotropy of the action of GL(U) (in place of GL+(U)) on A{y) 
at $ 0 ^ 

Spin(7) = { a G GL(U) | a*$o = } ■ 

Then one can show that Spin(7) is a compact Lie group of dimension 27 which is a Lie subgroup of SO(U) 
(see 191). Thus we have a natural projection 

A{V) ^ GL+(U)/Spin(7)-^ GL+(U)/SO(U) ^ Met{V) , 


so that each Cayley 4-form (or Spin(7)-structure) # G A{V) defines a positive-definite inner product g# G 
Met{V) on V. 

Definition 2.2. Let V be an oriented vector space of dimension 8. If $ G A{V), then we have the orthogonal 
decomposition 

(2.1) A^ U* = T^A{V) © T^AiV) 

with respect to the induced inner product g#. We define a neighborhood T(U) of A{V) in A^U* by 
Tiy) = { $ + a $ G A{V) and a G T^A{V) with |a|g^ < p } . 






4 


MAMORU DOI AND NAOTO YOTSUTANI 


We choose and fix a small constant p so that any x G is uniquely written as x = $ + a with 

a G T^A{V). Thus we can define the projection 

Q-.r{v)-^A{v), 

Lemma 2.3 (Joyce ifTTl . Proposition 10.5.4). Let $ € A{V) and /AV* = /AV* ® /AV* be the orthogonal 
decomposition with respect to g#, where /AV* (resp. /A-V*) is the set of self-dual (resp. anti-self-dual) 
4,-forms on V. Then we have the following inclusion: 

AtV* C T^A{V). 

Now we define Spin(7)-structures on oriented 8 -manifolds. 

Definition 2.4. Let M be an oriented 8 -manifold. We define A{M) —> M to be the fiber bundle whose 
fiber over x is A(T*M) C /AT*M. Then 4> G C°°{/AT*M) is a Cayley 4-form or a Spin(7)-sfrMcfMre 
on M if $ € C°°{A{M)), i.e., 4> is a smooth section of A{M). If $ is a Spin(7)-structure on M, then 4) 
induces a Riemannian metric since <I)|^ for each x G M induces a positive-definite inner product 
on TxM. A Spin(7)-structure 4) on M is said to be torsion-free if it is parallel with respect to the induced 
Riemannian metric g<p, i.e., Vg^4) = 0, where is the Levi-Civita connection of 

Definition 2.5. Let 4) be a Spin(7)-structure on an oriented 8 -manifold M. We define T(M) be the the fiber 
bundle whose fiber over x is T{T*M) C A^T*M. Then for the constant p given in Definition l2.21 we have 
the well-defined projection 0 : A{M) — > T{M). Also, we see from Lemma l2.3l that fAT*M C T,^A(M) 
as subbundles of A^T*M. 

Lemma 2.6 (Joyce, Proposition 10.5.9). Let ^ be a Spm{7)-structure on M. There exist such that ei, e 2 , £3 
independent of M and 4>, such that the following is true. 

Ifr] G C°° {A^T* M) satisfies ||? 7 ||po ^ Ci, then 4> -f ry G f{M). For this rj, 0(4> -f ry) is well-defined and 
expanded as 

(2.2) 0(4>-f 7 y) = 4 >-bp( 7 y)-F( 7 y), 

where p{r]) is the linear term and F(r]) is the higher order term in ry, and for each x G M, p{'ri)\^ is 
the T^A{V)-component of ry|^ in the orthogonal decomposition (12.1b for V = T*M. Also, we have the 
following pointwise estimates for any rj^rj' G C°°{A‘^T*M) with |ry| , |ry'| ^ ei.' 

|F(ry) - F{A)\ <e 2 |ry - ry'| (|ry| + |ry'|), 

|V(F(,y) - F(,y'))| Aesilv - v'\ (1^1 + W\) |d4>| -f |V( 7 y - r,')\i\r,\ + \r,'\) 

+ \v-v'\{\^v\ + \yv'\)}- 

Here all norms are measured by (y$. 

The following result is important in that it relates the holonomy contained in Spin(7) with the d-closedness 
of the Spin(7)-structure. 

Theorem 2.7 (Salamon ifTfil . Lemma 12.4). Let M be an oriented 8-manifold. Let ^ be a Spin{7)-structure 
on M and 5 $ the induced Riemannian metric on M. Then the following conditions are equivalent. 

(1) 4> is a torsion-free Spm(7)-structure, i.e., Vg.j4> = 0. 

(2) d4- = 0. 

(3) The holonomy group Hol(p$) o/p$ is contained in Spin(7). 

Now suppose 4> G C°°{T{Mj) with d4> = 0. We shall construct such a form 4) in Section [3.4.2l Then 
4 ) = 0(4)) is a Spin(7)-structure on M. If ry G C°°{A^T*M) with ||?y||po ^ ei, then 0(4) 4- rf) is expanded 
as in dO l. Setting (() = 4) — 4* and using d4) = 0, we have 

d0(4) -b ry) = —df -\- dp(ry) — dL"(ry). 

Thus the equation d0(4) -b ry) = 0 for 0(4) -b ry) to be a torsion-free Spin(7)-structure is equivalent to 

(2.3) dp(ry) = d^ -b dF( 7 y). 

In particular, we see from Lemma [2731 that if ry G C°°{A'fT*M) then p{rj) = ry, so that equation (12.3b 
becomes 


(2.4) 


dry = d(/) -b dL"(7y). 
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Joyce proved by using the iteration method and dC°°(AiT*M) = dC°°{A^T*M) that equation ( 12.4b has a 
solution 77 € C°° {A'^T* M) if </> is sufficiently small with respect to certain norms (see Theorem 1 3.2 6 b . 

Theorem 2.8 (Joyce ifTTl . Theorem 10.6.1). Let (M, g) be a compact Riemannian 8-manifold such that its 
holonomy group Hol(p) is contained in Spin(7). Then the A-genus A{M) of M satisfies 

(2.5) 48l(M) = 3r(M) - x(M), 

where t{M) and x(M) is the signature and the Euler characteristic of M respectively. Moreover, if M is 
simply-connected, then A(M) is 1, 2, 3 or 4, and the holonomy group of{M, g) is determined as 

{ Spin(7) if AIM) = 1, 

SLU, . 

Sp(2) ifA[M) = 3, 

Sp(l)xSp(l) ifA{M)=d. 


3. The Gluing Procedure 


3.1. Compact complex manifolds with an anticanonical divisor. We suppose that 2f is a compact complex 
manifold of dimension m, and D is a smooth irreducible anticanonical divisor on X. We recall some results 
in 15], Sections 3.1-3.2, and Jb], Sections 3.1-3.2. 

Lemma 3.1. Let X and D be as above. Then there exists a local coordinate system {Ua, ..., tUa)} 

on X such that 


(i) Wa is a local defining function of D on Ua, i.e., D (lUa = {wa = 0}, and 

(ii) the m-forms Lla = -— A dZa A • • • A dzf'~^ on Ua \ D together yield a holomorphic volume form 

_ Wa 

VLonX = X\D. 


Next we shall see that X = 27 \ ZJ is a cylindrical manifold whose structure is induced from the holo¬ 
morphic normal bundle N = to D in X, where the definition of cylindrical manifolds is given as 

follows. 


Definition 3.2. Let 27 be a noncompact differentiable manifold of dimension r. Then 27 is called a cylindrical 
manifold or a manifold with a cylindrical end if there exists a diffeomorphism tt : 27 \ Xq — > E x ]R_|_ = 
{ {p,t) I p S S, 0 < f < cxD } for some compact submanifold 27o of dimension n with boundary E = OXq. 
Also, extending t smoothly to 27 so that f ^ 0 on X \ Xq, we call t a cylindrical parameter on X. 

Let {xa,ya) be local coordinates on Va = UaL\ D, such that Xa is the restriction of Za to Va and pa is 
a coordinate in the fiber direction. Then one can see easily that da;^ A • • • A dx'^~^ on Va together yield a 
holomorphic volume form Llo, which is also called the Poincare residue of Ll along D. Let H H be the norm 
of a Hermitian bundle metric on N. We can define a cylindrical parameter t on N hy t = —^ log ||s|| for 
s G N \ D. Then the local coordinates (zq,, Wa) on X are asymptotic to the local coordinates {xa,ya) on 
N \ D in the following sense. 

Lemma 3.3. There exists a diffeomorphism $ from a neighborhood V of the zero section of N containing 
(R+) to a tubular neighborhood U of D in X such that <f> can be locally written as 

Za — Xa “t“ ) — Xa “t“ 0(e ), 

Wa =ya + 0{\yat) = Va + 0(e“‘), 

where we multiply all Za and Wa by a single constant to ensure C V if necessary. 

Hence X is a cylindrical manifold with the cylindrical parameter t via the diffeomorphism $ given in the 
above lemma. In particular, when i7°(X, O^) = 0 and is trivial, we have a useful coordinate system 

near D. 

Lemma 3.4 (|l6l, Lemma 3.4.). Let (X,D) be as in Lemma [3.11 If H^{X,Ojf) = 0 and the normal 
bundle is holomorphically trivial, then there exists an open neighborhood Ud of D and a holomorphic 

function w on Ud such that w is a local defining function of D on Ud- Also, we may define the cylindrical 
parameter t with (R+) G Ud by writing the fiber coordinate y of as y = exp(—f — s/—19). 
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3.2. Admissible pairs and asymptotically cylindrical Ricci-flat Kahler manifolds. 


Definition 3.5. Let A be a cylindrical manifold such that tt : X \ Xg —> E x R_|_ = is a 

corresponding diffeomorphism. If ps is a Riemannian metric on E, then it defines a cylindrical metric 
9cyi = 5e + on E X K._|_. Then a complete Riemannian metric p on A is said to be asymptotically 
cylindrical {to (E x R+, ^cyi)) if g satisfies for some cylindrical metric pcyi = <7e + df^ 


^Li(5-5cyl) 


as t 


9cyl 


oo for all j ^ 0 , 


where we regarded pcyi as a Riemannian metric on A \ Aq via the diffeomorphism tt. Also, we call (A, g) 
an asymptotically cylindrical manifold and (E x ]R_|_, pcyi) the asymptotic model of (A, g). 


Definition 3.6. Let A be a complex orbifold with isolated singular points Sing A = {pi,... ,pk} and D a 
divisor on A. Then (A, D) is said to be an orbifold admissible pair if the following conditions hold; 

(a) A is a compact Kahler orbifold. 

(b) D is a smooth anticanonical divisor on A with D fl Sing A = 0. 

(c) the normal bundle is trivial. 

(d) A and A \ (D U Sing A) are simply-connected. 

(e) Each p € Sing A has a neighborhood Up such that there exists a crepant resolution Up ---» Up at p. 
Throughout this paper, we shall consider the action of Z 4 on generated by 

{zi,Z 2 ,Z 3 ,Z 4 ) I—> {s/^Zi,\/^Z 2 ,\/^Z 3 ,\/^Z 4 ) for {zi, Z 2 , Z 3 , Z 4 ) € . 

If each Up in condition (e) is isomorphic to C'^/Z 4 , where the action of Z 4 is given above, then we shall call 
(A, D) an orbifold admissible pair with isolated singular points modelled on C"^/Z 4 . This kind of orbifold 
admissible pair plays an important role later in constructing compact Spin(7)-manifolds. 


If A is smooth, then Sing A = 0 and condition (e) is empty, so that the above conditions reduce to the 
definition of admissible pairs which originates in Kovalev ifT^ and is also used in our papers fb], Q. From 
the above conditions, we see that Lemmas [3T| and [33] apply to admissible pairs. Also, from conditions (a) 
and (b), we see that D is a compact Kahler manifold with trivial canonical bundle. 


Theorem 3.7 (Tian-Yau ifTTll . Kovalev Ida, Hein HI). Let {X,Lo') be a compact Kahler manifold and 
m = dime A. If {X, D) is an admissible pair, then the following is true. 

It follows from Lemmas \‘i.l\ and \‘i.'i\ there exist a local coordinate system (Un.a-, (z ^^,..., z^~^, w)) on 
a neighborhood Ud = '^aUo.a of D and a holomorphic volume form Ll on X \ D such that 

H ^ ^ ... /\ dzf'~^ onUo a\D- 

w 

Let kd be the unique Ricci-flat Kahler fonn on D in the Kahler class Also let {xa,y) be local 

coordinates of \D as in Section \3^ and write y as y = exp(— t — •f—19). Now define a holomorphic 

volume form Hcyi and a cylindrical Ricci-fiat Kahler fonn Wcyi on \D by 

Hcyi = — A A • • • A = (df -f y/^dO) ALId, 

y/^dyAdy 

Wcyi = kd -- 2 — = kd d-dt A dO. 

2 |y|2 

Then there exist a holomorphic volume form Q and an asymptotically cylindrical Ricci-fiat Kahler form ui on 
X = X \ D such that 



H — Hcyi = dC, uj — uJcyi = d.^ 


9cyl 





for some C and ^ with 

0 (e“^*) for all j ^ 0 and £ ( 0 , min{ 1 / 2 , \/Ai }), 


where Ai is the first eigenvalue of the Laplacian Ag^_|_(je 2 acting on D X with gu the metric associated 
with K£). 
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A pair (fi, uj) consisting of a holomorphic volume form il and a Ricci-flat Kahler form uj on an m- 
dimensional Kahler manifold normalized so that 

—- = -n A n (= the volume form) 

m\ 2™ 

is called a Calabi-Yau structure. The above theorem states that there exists a Calabi-Yau structure (n,aj) 
on X asymptotic to a cylindrical Calabi-Yau structure (flcyi, Wcyi) on Nj^p^ \ Z? if we multiply Yl by some 
constant. 


Theorem 3.8. The statement in Theorem \^.7\ also holds when (X, D) is an orbifold admissible pair. 

Proof. This is essentially the same as the modification of the Calabi-Yau theorem for compact orbifolds. See 
121 . Chapter 3.6. □ 


3.3. Kahler orhifolds with an antiholomorphic involution and Spin(7) manifolds. 


3.3.1. Two basic examples of ALE Spm{7)-manifolds. Let iho be the standard Spin(7)-structure on M® = 
{{xi,X 2 , ■.., xs) }. Let a, (3 act on M® by 

a :(xi,a;2 ,... jXg) '—(-a;2 ,a;i,- xt, a;5,a;?), 

(3 :(xi,X2,... jXg) I—(a:3,-a;4,-a;i,X2,a:7,-a;8,-X5,X6). 

Then a, /3 satisfy = /3^ = idgs, a/3 = /3a® and a*d>o = ,9*$o = ‘bo. so that the group G = (a, /3) is a 
subgroup of Spin(7). Define complex coordinates (zi, Z 2 , .^ 3 , zf) and [wi,W 2 , on R® by 


Zi = Xi+ \/^XX2 
Z2 = X3 + s/^XXi 
■23 = a;5 + s/^xq 
Z4 = X7 + \/^X8, 


Wi = —Xi + \/^X3 
W 2 = X 2 + \/^X4 
W3 = -X5 + \/^X7 
-0)4 = Xe + sf^Xs. 


Then the coordinates (zi, Z 2 , - 23 ,- 24 ) and (lui, u; 2 , 103 , 104 ) define Calabi-Yau structures (wq, flo) and (wq, fig) 
on K® by 

Wo = Yli=i A dzi 

rig = dzi A dz2 A dzg A dZ4, 
both of which induce the Spin(7)-structure $g by 

$g = ^ 3~ Re rig = ^ Re fig. 

We see that a, /3 act on these coodinates as 

a : (zi, Z2,2:3, Z4) I ->• (\/^Zl, \/^Z2, \/^.23, \/^Z4) 

/3 : (zi,22,-23,2:4) : —> (22,-21,24,-23), 

a : {wi,W 2 ,W 3 ,W 4 ) ' - (W 2 , -Wi,W4, -W 3 ) 

/3 : {wi,W 2 ,W 3 ,W 4 ) I —)► (\/^r(;i,\/^r(;2,\/^'W3,\/^W4)- 

Now we resolve the singularity of K®/G' in two ways. Let us consider the action of a on in the 
2 -coordinates. Then we have the following commutative diagram: 


Wg = Yli=i dwi A dwi 

rig = dwi A dr (;2 A drog A dw 4 , 
1 


(3 r\ 


yi 

I 

crepant | 

Y 


Ybi 

I 

I ITl 
Y 


/3 C^/ (a) 


where j3 is an antiholomorphic involution on C^/ (a) induced by /3, and (3 is the lift of (3 which acts freely 
on 3 ^ 1 . Since there exists an ALE Calabi-Yau structure (wi, Oi) on with 

,S*5i = -53i, 
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the induced torsion-free Spin(7)-structure $i = ^uii A Wi -I- Re pushes down to a torsion-free Spin(7)- 
structure $1 on Xi. This gives a resolution of R^/G by an ALE Spin(7)-manifold (Xi, $ 1 ). Similarly, if we 
consider the action of /? on in the lu-coordinate, then we have 

a 3^2 -^ ^2 

I I 

crepant | | 772 

Y Y 

a n. CV (/3)-^ RS/G. 

If we consider 

(j) : {zi,Z2,Z3,Z4) I— {wi,W2,W3,W4), that is, 

{xi,X2 ,...,X8 ) I—(-a:i,a:3,a;2,a;4,-a:5,a;7,X6,a:8), 

then (j) induces an isomorphism C^/ (a) C^/ (/3), which lifts to an isomorphism </> : 3^2- Let $2 

be a Spin(7)-structure on X 2 to which the Spin(7)-structure on 3^2 pushes down. Then (X 2 , $ 2 ) 

is also an ALE Spin(7)-manifold which resolves R®/G, but Xi, X 2 are topologically distinct because (j> does 
not commute with a, /3, so that the isomorphism (j) acts nontrivially on M®/G. 

Proposition 3.9 (Joyce ifTTl . Section 15.1.1). Let {Xg, ^s)for s = 1, 2 be ALE Spin{7)-manifolds as above. 
Then the fundamental group of Xg is Z 2 , and 

(3.2) b''{Xg) = l^ so that xi^s) = 2. 

I 0 otherwise, 

3.3.2. Compatible antiholomorphic involutions on orbifold admissible pairs. 


Proposition 3.10. Let X be a complex orbifold and a ; X —> X be an antiholomorphic involution. 
Suppose S is a complex submanifold of X such that a preserves and acts freely on S. Then a lifts to a unique 
antiholomorphic involution a on the blow-up w : Bl 5 (A) —X of X along S such that a preserves and 
acts freely on 


Proof. Let m = dime and k = dime S. Eix a point a; G S'. It is enough to find a lift a of a acting on a 
neighborhood of ci7“^(a;) in Bl 5 ( 2 f). 

Eirst we consider local coordinates near x and a{x) in X. We can choose a neighborhood U of x G S and 
local coordinates (y, z) = (yi,..., yk, zi,..., Zm-k) on U such that Sn(7 = {z = 0}. We can similarly 
choose local coordinates (y', z') = {y'^,... z'l,..., z'^_ff) on cj{U) such that cr(S fl C/) = { z' = 0 } 
and 

(y', z') = cr(y, z) = (a(y, z), /3(y, z)) 

for some antiholomorphic functions a : C™ —C*' and /3 : C™ —Also, (t{S) = S yields that for 
(y,0) G snf/ 


(3.3) cr(y,0) = (a(y,0),0), that is, /3(y,0) = 0. 

Since a is an antiholomorphic diffeomorphism on X, the matrix (Diaj{y, z)) is invertible for all 

(y, z) G U, where is the antiholomorphic partial differentiation with respect to the i-th variable. In 
particular, it follows from (I3.31 l that for (y, 0) G S fl (7 we have 


(D,crj(y,0)) 




^ (Dfc+ittj (y, 0)) 


O 


(Dfc+i/3i(y,0)) 




so that (Dfc+j/3j (y, 0)) j<m-k invertible. Thus we can exapnd /3(y, z) for small z as 


m—k 

(3.4) /3(y, z) = ^ Dfc+i^(y, 0)z, -f 0(|z|^). 

i=l 

Next we consider local coordinates near-{37“^ (x) and'n7“^(cr(x)) inBls(A). Local coordinates of Bl5(2f) 
on w~^{U) are written as 


{(y,z,[C])GC’-xCP”^-'=-' |z,0 


ZjQ for &\\i,j G {I,... ,m — k}] , 
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where C = 


(Cl; • ■ ■ ! Cm-fc) £ 'C™ Similarly, local coordinates of Bl 5 (X) on 07 ^(a{U)) are written as 
{ (y', z', IC']) e C™ X I z'C' = z’C' for alH, J G { 1,..., m - fc } } . 


Thus we have 

= { (y,z, M) } for (y,z)GC/\S' (andsoz^O), 

o7-i(y,0) = {(y,0,[C]) I [CleCP™-'^-!} for (y,0)G^nC/. 

Now we shall find a lift if of cr acting on •uu~^{U). For (y, z) G C/ \ S', we must have 

^(y^zjz]) = (c^(y>z)J/?(z)])- 

Then a extends naturally too7“^(Sn{7)by continuity as 


o-(y:0>[C]) 


lim a{y, AC, [AC]) 

A-»-0 

lim(a(y, AC), /3(y, AC), [/3(y, AC)]) 

A—>0 


a(y,0),0, 


'm—k 


^Dfc+,/3(y,0)C, 


where we used the expansion in (13.41) for the last equality. This gives the desired action of cr on the neighbor¬ 
hood o7“^(C/) of 07“^(x) in Bls(Af). □ 


Definition 3.11. Let X be a four-dimensional compact Kahler orbifold with isolated singular points modelled 
on C"^/Z 4 , such that (X, D) is an orbifold admissible pair. An antiholomorphic involution cr on X is said to 
be compatible with (X, D) if the following conditions hold; 

(f) We can choose a defining function w on a neighborhood Ud of D given in Lemma lX^ so that 

(3.5) a*w = w, 

where / for a complex function / is defined by f(x) = f{x). 

(g) {X)°' = Sing X, where (X)'^ is the fixed point set of the action of a on X. 

Note that (13.5b in condition (f) implies a{D) = D, and ao = <^\o yields an antiholomorphic involution 
on D. 

Lemma 3.12. Let be an antiholomorphic involution on defined by 

(3.6) (Tcy\{Xa,y) = {crD{Xa),V) for {Xa, v) € {Ua H D) X C C Njj■ 

Then we have 

a{za,w) = acyi{xa,y) -f 0(e“*). 

Proof. Using ( 13.5b . we can write a{za,w) as 

(3.7) a{Za,w) = {ai{Za,w),w) with cri(xa, 0) = CrD(Xa). 

Thus the assertion follows from Lemma[T3]and (13.7b . □ 

Since the cylindrical parameter t is defined by y = exp(—f — fo—W), we have 

CT*ylf = t, cr*yi6» = -0 

and thus 

i^D/X \ ('^cyl) — ((-^ ^ ^ (o'DxS'-.cyl)) ^ I^-F, 

where cr^jxsi.cyi ^cts on D x as 

(3.8) CrDxS\cyl{Xa,0) = fooiXa), -0). 

One can prove the following result by Theorem l3.8l and an argument as used in the proof of ifTTI . Proposition 
15.2.2. 
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Theorem 3.13. Let be a four-dimensional Kahler orbifold with isolated singular points modelled 

on C^/Z 4 , such that {X, D) is an orbifold admissible pair with a compatible antiholomorphic involution a. 
Then there exists an asymptotically cylindrical Calabi-Yau structure (w, Ll) on X = X \ D asymptotic to 
(wcyi, Hcyi) on N \ D, such that 

a*g = g, a*uj = —ui, a*n = LI, 

where N = and g is the Riemannian metric on X associated with (ui, LI). Thus the torsion-free 

Sp\Tv{J)-structure ^uj A a; + Ref2 on Xpushes down to a torsion-free S'pm[7)-structure $ on X/ (a). Also, 
an antiholomorphic involution acyi defined in (I3.61 l satisfies 

^cyldcyl — 9cyl^ *^cyl^cyl = ^cyli ^cyl^cyl = ^cylj 

SO that the torsion-free Sp\\i(l)-structure ^ujcy\ A w^yi + Re f2cyi pushes down to a torsion-free Spin(7)- 
structure '&cyi- have 

for some S with 

for all j 0 and fi G (0, min { 1/2, \/Ai }), 

where Ai is the constant given in Theorem Yi.7\ Hence {X/ {a), $) is an asymptotically cylindrical Spin(7)- 
manifold, with the asymptotic model 

{N\D)/ (acyl) ~ (H X S"^)/ (cr^ixSAcyl) X M+ = { {[Xa,0],t)}, 

where [xa,0] = [crD{xa),-0] in {D X 5'^)/ (cTDxSAcyi) • 

Theorem 3.14 (Joyce ifTTl . Proposition 15.2.3 and Corollary 15.2.4). All isolated singular points in Xj {a) 
are modelled on K^/G given in Section 13.3.11 For each p £ SingX/ (cr) there exists an isomorphism 
bp : R®/G —> TpiXj (cr)), which identifies the Spm{7)-structures $o on R® and on Tp{Xj (cr)). 

3.4. Gluing orhifold admissible pairs divided hy compatible antiholomorphic involutions. In this sub¬ 
section we will only consider admissible pairs {X, D) with dime X = 4. Also, we will denote N = 
and X = X \ D. 


4* - ^cy\ = dS 


(3.9) 


9cyl 


= Oie-P*), 


3.4.1. The gluing condition. Let {X, w') be a four-dimensional compact Kahler orbifold with isolated singu¬ 
lar points modelled on C^/Z 4 , and {X, D) be an orbifold admissible pair with a compatible antiholomorphic 
involution cr. Then we obtained in Theorem l3.13l an asymptotically cylindrical, torsion-free Spin(7)-manifold 
{X, $), with the asymptotic model {N \ D, ‘hcyi). 

Next we consider the condition under which we can glue together Xi/ {af) and X 2 / {erf) obtained from 
orbifold admissible pairs {Xi,Di) and (^ 2 , £> 2 ) with antiholomorphic involutions ai. For gluing Xi/ {af) 
and X 2 / ( 172 ) to obtain a manifold with a Spin(7)-structure with small torsion, we would like {Xi/ {af), $ 1 ) 
and {X 2 / ( 172 ), $ 2 ) to have the same asymptotic model. Thus we put the following 

Gluing condition: There exists an isomorphism / : Di — D 2 between the cross-sections of the 
cylindrical ends of Xi\Di with 

f° ^i\d^ = 

such that 


(3.10) 


It ^ ^2,cyl “t" Rc fJ2,cyl^ — 2 


'^l,cyl Z' ^l,cyl 




where fx ■ Di x x (0, 2T) — D 2 x x (0, 2T) is defined by 

fT{xi,0i,t) = {f{xi), -01, 2T - f) for (xi, 01, f) G i9i X X (0,2T). 


Lemma 3.15. If f : Di —> D 2 is an isomorphism satisfyling / o cri|^^ = cr2|^^ o / and f*K,x )2 = 
Then the gluing condition (13.101 1 holds, where we change the sign o/f22,cyi (and also the sign of LI 2 
correspondingly). 


Proof. It follows by a straightforward calculation using (13.1b and Lemma [3.12l 


□ 
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The above / and fx pushes down to maps 

/ : Di/{aD^) 

fT : {Di X S^)/ {ao.xs^,cyi) X iO,2T) 

with f{[xi]) = ([/(xi)]), 


D2/ (cDa) j 

p2x5i)/(aB,xSTcyi)x(0,2r), 
fT{[xi,0i],t) = ([/(xi),-6»i],2r-t) 


such that 

/'j^^2,cyl — ^l,cyl- 


3.4.2. Spm{7)-structures with small torsion. Now we shall glue Xi/ (cri) and X 2 / {< 72 ) under the gluing 
condition (13.10b . Let p : R —[0,1] denote a cut-off function 


P{x) = 


1 if a; ^ 0 , 
0 if a; ^ 1 , 


and define px ■ 


[0,1] by 


pxix) = p{x-T -\-l) = 


1 ifx^r- 1 , 

0 if X > T. 


Setting an approximating Calabi-Yau structure (0^ t, <^i,T) on Xi by 

PT-i)Ci on{L^T-l}, 
+ dpT-iC* on{L^T-2} 

and similarly 

jUJ^ - d{l - pT-i)^t on{Ls^r-l}, 

~ 'a 

we can define a d-closed 4-form t on each XiJ {(Ji) by 


^i,T = A uJi^T + Re fix ) , 


where : Xi —> Xi/ {a/) are projections. We see that satisfies 


and from ( 13.9b that 


^i,T — 


4*i,cyl 


(3.11) 


d’i,T — d>j,cyl 


a*, 


= (9(e-^^) 


>cyl 


on {ti<T - 2}, 
on {ti> T — 1} 


for all P G (0,min{ 1/2, \/Ai })• 


Let Xi x — {ft ^ L 1} C Xi and 2 ^ 2 .t — {^2 ^ T -t- 1} C X 2 . We glue X\ xl (^ 1 ) und X^pxj (^ 2 ) 
along ((Di X 5^)/(cr£,,xSLcyi)) x{r-l < fi < T-fl} C Xi,t/( cn) and ((£>2 x 5'^)/ (cTDsxSLcyi)) x 
{T —l<f 2 <'£ + l}C X 2 .XI {( 72 ) to construct a compact 8 -orbifold using the gluing map fx (more 
precisely, Fx = 'P 2 ° fr ° where (pi and {p 2 are the diffeomorphisms given in Lemma [LTb . We denote 
this orbifold by (the upper index V indicates singularities to be resolved). Also, we can glue together 
$1 T and $ 2 ,t to obtain a d-closed 4-form $ 7 ’ on by Lemma [3.151 There exists a positive constant 
T* such that G C°°{T{M^)) for any T with T > T^.. This is what was discussed right after 
Theorem l2.7l from which we can define a Spin(7)-structure 4>r with small torsion by $ 7 ’ = 0 (< 1 ' 7 ’). Letting 
(j)x = 4’t ~ we have dc/x + d 4 > 7 - = 0 . 


Proposition 3.16. Let T > T*. Then there exist constants independent of T such that for /3 G 

( 0 , min { 1 / 2 , V^"}) we have 

||(/t|Ilp ^ Ap k,p 

k 

where all norms are measured using 5 $^. 


Proof These estimates follow in a straightforward way from Theorem l3.7l and ( 13.11b by an argument similar 
to those in fS], Section 3.5. □ 
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3.4.3. Resolving by ALE Spm{7)-manifolds Xi and X^. The material in this section is taken from ifTTll 
Secion 15.2.2. Let p G Sing and tp : R®/G —^ TpM^ as in Theorem l3.14l Let exp^ : TpM^ —> 
be the exponential map. Then ipp = expp o 6 p maps each ball i? 2 c(®.*/G) of 2^ in R.®/G to a neighborhood 
of p G My. Choose C > 0 small so that Up = exppotp(i? 2 ^(IR.®/G)) satisfy Up fl Up' = 0 and Up fl 
{L>r—2} = 0 for any p,p' G My with p ^ p' and for any T > T^. 

Proposition 3.17 (Joyce ifTTI . Proposition 15.2.6). There exist a smooth 3-form ap on /G) for each 

p G Sing My and a constant Gi > 0 independent of T > T*, such that 

Vi;$J-$o = dap, |vVp|^Gir3-^ /or f = 0,1,2 

on B 2 q{^IG). Here j-j andS/ is defined by the metric go induced by $o, and r is the radius function on 

RS/G. 


Let TTg : Xs —>■ R®/G be the projections given in Section [3.3.II For each e G (0,1] and s = 1,2 let 
X^ = Xs, define a Spin(7)-structure and define 7r| : X^ —R®/G by 7r| = etTs. Then (X^, <1)|) 

is an ALE Spin(7)-manifold asymptotic to R®/G. 

Proposition 3.18 (Joyce IfTTI . equation (15.6)). There exist a constant G 2 > 0 independent of T > T,, and 
a smooth 3-form on (R®/G) \ iJej (R®/G) such that 

- 4>o = dr|, |VV;| ^ C 2 e\-^-^ for i = 0,1, 2 

on (R®/G) \ i3e(;(R®/G), where j-j and V is defined using the metric go induced by <i>o. 


Now we glue together 

Uf = Mf\ y fip(B,.^.^{R^/G)) and Vp^ = {7 tIX\B2s^j.^(MVG)), SpG{l,2}, 

pGSing 

along the regions diffeomorphic to 

S 2 , 4 / 5 <;(RVG) \ :b, 4 / 5 ^(RVG) in R®/G, 

to obtain a compact 8 -manifold Mf. Let 77 be a smooth cut-off function with g{x) = 0 for x ^ ( and 
p(x) = 1 for X ^ 2(. Choosing Sp G {1,2} for each p G Sing My, we can also glue the Spin( 7)-structures 
<i)y on My and on to obtain a closed 4-form $y on Mf by 

= $0 + d (p(e-G^r)ap) + d ((1 - p(e-G^r))T^^) on Uf n V^. 

Now we set e = exp(— 7 r) for some constant 7 > 0 to be determined later, and define M*^ = Mf, = T*/ 
and U^ = Uf. 

Proposition 3.19 (Joyce lITTl . Proposition 15.2.9). If Sp = 1 for all p G Sing My, then the fundamental 
group of M'^ is 1 j2 - Otherwise, M'^ is simply-connected. 


Lemma 3.20 (Joyce ifTH . Lemma 15.2.11). There exists a constant G 3 > 0 independent of T > T* such that 
‘h'T satisfies 




^ G3e®/^ - $ 0 ) 


e 


4/5 


on U'^ n Vf for all p G Sing My, where \ ■ \ and V is defined using the metric go induced by $ 0 . 


Letting = 0(4)'^) and cjf = we have d/*^ -I- d4>*^ = 0. 


Theorem 3.21. There exist a family (M'^,4>'^) of smooth 8 -manifolds with a Spva.{l)-structure with small 
torsion and resolutions for e G (0,1] such that we have 

(i) ^ and ||d/'^||yio ^ 

(ii) the injectivity radius 5{g) satisfies S{g) ^ pe, and 

(iii) the Riemann curvature R{g) satisfies ||i?(p)||(^o ^ ue~'^, 

where all norms are measured using the metric g^ on induced by 
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Proof. The proof is almost the same as that of III, Proposition 15.2.13 except for the contributions from 
the cylinder, which is diffeomorphic to S x (0, 2T) with S = (H x S^)/ {croxS^,cy\)- Joyce proved the 
following estimates using Lemma [3.20l 


E 

pGSing 





Meanwhile, Proposition IS. 1 61 gives 





AEx(0,2T) JEx(0,2T) 

where we take /3 € ( 0 ,max{ 1 / 2 , v/X/}) = max{ ^2,o,/3, ^io.i ,/3 }• Now if we choose 7 > 0 for 

e = so that ^7 ^ /3, then we have ^ g48/5 g-io/3T ^ £72/5 Summing up the above 

contributions and redefining A to be max{ (A^ + (A^° + 2Ap^'^Y^^'^ }, we see that condition (i) 

holds. Conditions (ii) and (iii) are obvious. □ 


3.5. Gluing theorems. First we give a gluing and a doubling construction of Calabi-Yau fourfolds from 
orbifold admissible pairs, which are generalizations of Theorem 3.10 and Corollary 3.11 in fTl . 

Theorem 3.22. Let and {X 2 ,U! 2 ) be compact Kdhler orbifolds with dime = 4 such that 

{Xi, Di) and {X 2 , D 2 ) are orbifold admissible pairs. Suppose there exists an isomorphism f : Di —> D 2 
such that f*K 2 = tti, where Kt is the unique Ricci-flat Kdhler form on Di in the Kdhler class [w'jgj.]. Then 
we can glue toghether the crepant resolutions of Xi and X 2 along their cylindrical ends to obtain a compact 
simply-connected 8-manifold M. The manifold M admits a Riemannian metric with holonomy contained in 
Spin(7). Moreover, if A{M) = 2, then M is a Calabi-Yau fourfold, i.e., M admits a Ricci-flat Kdhler metric 
with holonomy SU(4). 

Corollary 3.23. Let {X, D) be an orbifold admissible pair with dime X = A. Then we can glue two copies 
of the crepant resolution of X along their cylindrical ends to obtain a compact simply-connected 8-manifold 
M. Then M admits a Riemannian metric with holonomy contained in Spin(7). If A[M) = 2, then the 
manifold M is a Calabi-Yau fourfold. 

Next we give a gluing and a doubling construction of compact Spin(7)-manifolds. 

Theorem 3.24. Let {Xi,uj[) and {X 2 , 1 ^ 2 ) be four-dimensional compact Kdhler orbifolds with singular 
points modelled on C^/Z 4 , such that {Xi, Di) are orbifold admissible pairs with a compatible antiholomor- 
phic involution Oi. Suppose there exists an isomorphism f : Di —> D 2 such that / o Cileij = cr 2 \jj.^o f 
and f*K 2 = Ki, where Ki is the unique Ricci-flat Kdhler fonn in the Kdhler class ]. Then we can 

glue together Xi/ {(jf) andX 2 l {(J 2 ) along their cylindrical ends to obtain a compact 8-orbifold XI^. There 
exists a compact simply-connected 8-manifold M which resolves M'^ at (^SingXi + ^SingAf 2 ) isolated 
singular points such that M admits a Riemannian metric with holonomy contained in Spin(7). Furthermore 
if A{M) = 1, then M is a compact Spui{7)-manifold. 

Corollary 3.25. Let {X, uj') be a four-dimensional Kdhler orbifold with isolated singular points modelled 
on C^/Z 4 , such that {X, D) be an orbifold admissible pair with a compatible antiholomorphic involution a. 
Then we can glue together two copies of Xj {a) = {X \ D)/ (cr) to obtain a compact 8-orbifold There 
exists a comapet simply-connected 8-manifold M which resolves at 2{=f Sing X) isolated singular points 
such that M admits a Riemannian metric with holonomy contained in Spin(7). Furthermore if A{M) = 1, 
then M is a compact Spin{7)-manifold. 

Proof of Theorem \‘S.2A\ By Proposition l3.19l there exists a choice {sp€ {1,2} \ p G Sing } of resolu¬ 
tions by Xsp such that M = is simply-connected. The assertion for A{XI) = 1 in Theorem l3.24l follows 
directly from Theorem l2.8l Thus it remains to prove the existence of a torsion-free Spin(7)-structure on M'^ 
for sufficiently small e G (0,1]. This is a consequence of the following 

Theorem 3.26 (Joyce ifTH . Theorem 13.6.1). Let A, p, v be positive constants. Then there exists a positive 
constant e* such that whenever 0 < e < e*, the following is true. 

Let M be a compact 8-manifold and $ a 8ipm.{7)-structure on M. Suppose f is a smooth A-fonn on XI with 
dd) -f d 0 = 0 , and 
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( 1 ) II</’IIl 2 ^ and ||d(/)||^io < 

(2) the injectivity radius 5{g) satisfies S{g) ^ ge, and 

(3) the Riemann curvature R{g) satisfies ||i?( 5 )||(;.o ^ 

Let ei be as in Lemma \2M Then there exists rj G C°°{A'^TfM) with ||77||po < Ci such that d0($ + 77 ) = 0. 
Hence the manifold M admits a torsion-free Spm{7)-structure 0(<i> + 77 ). 

If we set (j) = (j)^, then and satisfy conditions (i)-(iii) in Theorem l3.21l Thus we can apply Theorem 
l3.26l to prove that can be deformed into a torsion-free Spin(7)-structure for sufficiently small e G (0,1]. 
This completes the proof of Theorem l3.24l □ 

4. New examples OE compact Spin(7)-MANIPOLDS 

In this and the following section, we give three examples of compact simply-connected 8-manifolds M 
obtained by Corollary 13.251 and Theorem 14.91 We will see that the 7l-genus of M is 1 in each case. This 
shows that M is a compact Spin(7)-manifold. 

We shall calculate the Euler characteristics, Betti numbers and the signatures of these compact Spin(7)- 
manifolds. The Euler characteristics of the resulting compact Spin(7)-manifolds are 912, 1296 and 1680. Of 
these compact Spin(7)-manifolds, we see that at least one with x(M) = 1680 is a new example. 

4.1. Preliminaries. In order to find orbifold admissible pairs with a compatible antiholomorphic involution 
in Definitions 13. 6l and l3. Ill we will use some algebro-geometrical approach. In particular, hypersurfaces and 
complete intersections in weighted projective spaces are well-studied in the context of mirror symmetry for 
Calabi-Yau manifolds. Eirst we will review some basics on weighted projective spaces. Next we will also 
explain notation on complete intersections in weighted projective spaces. See 0 for more details. 

4.1.1. Basics on projective spaces. Eirst we will observe the structure of the weighted projective space as a 

complex orbifold. Let uq, ..., a„ be positive integers with gcd(ao,..., On) = 1. Recall that the weighted 
projective space CP"(ao,..., a„) is the quotient \ {0})/C*, where C* acts on \ {0} by 

£n-Vl ^ |Q| -^ |QT.^ {wq,..., Wn) '-)■ 

for t G C*. Let us fix the point p = [1,0,..., 0] in CP"(ao,..., a„). Denote the stabilizer of p in C* by 
(C*)p. Then the point (1,0,..., 0) in \ {0} is taken to (f"", 0,..., 0) under the action of f G C*. Thus 
we have an isomorphism 

(C*)p = {tGC* = l}^Za„ 

where Zag is a finite cyclic group of order oq. Let [zq, ..., Zn] be the weighted homogeneous coordinates on 
CP"(ao ,. ■. ,an). Then the affine open chart 

Uo = { [zo ,..., Zn] e CP”(ao,..., a„) \ zof^O} 

is isomorphic to C^jZag as follows. Taking an orbifold chart Uq on CP"(ao,..., On) with a continuous map 
(fi : Uq —>■ Uq, we consider affine coordinates (xi,..., x„) on Uq with Xj = Zjf zq. Then the stabilizer acts 
via 

(4.1) (Xi,...,Xn) I-)■ (C“^Xi,...,C“”Xn), 

where C G (C*)p is a primitive ap-th root of unity. This implies our desired result. Eurthermore p G 
CP"(ao,..., On) is a quotient singular point with a finite cyclic group Zag which acts on C" by (14.1b . In 
particular, all singularities of CP”(ao,..., On) are cyclic quotient singularities. 

Next we shall define CP"(ao,..., «„) as a projective variety. Let P be the graded ring C[zo, ■ ■ ■, Znj. 

00 

Suppose each variable Zi has the weight a^. Then R has a natural weight decomposition R = 0 Rd where 

c /—0 

Rd denotes the vector space spanned by all monomials Zq° ... zff with = d. Elements of Rd are said 

to be weighted homogeneous polynomials of degree d and then CP”(ao,...,««) is defined by 

CP”(ao, ...,an) = Proj(P). 
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For a given finitely generated graded ring R, Proj(i?) denotes the projective scheme which is an algebraic 
variety constructed by gluing affine varieties. Furthermore, if positive integers oi,..., have a common 
divisor, we have an isomorphism 

CP”(ao,..., a„) = CP”(ao, ai/g,..., a„/g) 

where q = gcd(ai,..., a„). This yields the following property (see ||3, Corollary. 5.9); 

Proposition 4.1. Let oq, ... ,an be positive integers with gcd(ao,...,««) = 1. Then we have an isomor¬ 
phism as varieties 

CP”(ao,...,a„)^CP”(6o,-.-,&n) 

for some positive integers ... ,bn with gcd(&o, ■ ■ ■ ,bi,..., bn) = ^for each i. Here the symbol bi means 
that the entry bi is omitted. 

Hence it is natural to define the following. 

Definition 4.2. A weighted projective space CP"(ao,..., a„) is said to be well-formed if and only if 
gcd(ao,..., dj,..., a„) = 1 for each i. 

Recall that the graded ring R = <C[zo,..., Zn]i^ given by deg Zi = Oi £ Z>o. Let S = C[r(;o,..., Wn] be 
the standard polynomial ring with deg wt = 1. Then we have the injective ring homomorphism 

R —)■ S, Zi I—)■ . 

This injective ring homomorphism induces the well-defined surjective morphism of varieties 
(4.2) ^ : Proj(5) = CP" ^ Proj(P) = CP"(ao,..., a„), 

[wO, ■■■,Wn]< -[^0, .■.,Zn] = , . . . , tu"”]. 

By abuse of notation, we also denote by tt the canonical projection from \ {0} onto CP"(ao,..., a„) : 

it: C"+^\{0}—)■ CP"(ao,...,a„), {wo,...,Wn)<—> ... ,Wn"]. 

For this canonical projection tt and a subvariety X C CP"(ao,..., a„), we define the affine cone Cx over 
X to be 

Cx =7r-i(A:)U{0} in C"+^ 

Definition 4.3. A subvariety X of CP”(ao,..., a„) is called quasismooth if Cx is smooth except at the 
origin. 

Definition 4.4. Let X be a subvariety of CP"(ao,..., a„) with codimension k. Then X is said to be well- 
formed if CP”(ao,..., On) is well-formed and X does not contain a codimension k + 1 singular locus of 

CP'^iao, ■ ■ ■,an). 

4.1.2. Weighted complete intersections. 

Definition 4.5. Let oq, ..., Un be positive integers with gcd(ao,..., a„) = 1 and R = C[zo,..., z„] be the 
graded ring with deg Zi = Oi as usual. Let fi,..., fk with k ^ n-\-l he weighted homogeneous polynomials 
of the graded ring R with deg fi = di. Then I = (/i,..., fk) is a homogeneous ideal of R. We define Xj 
by 

Xi = Proj(P//) C CP"(ao, • • •, an). 

Then Xj is a weighted complete intersection of multidegree (di,..., dk) if the defining ideal I can be gen¬ 
erated by a regular sequence fi,..., fk- Here a sequence of elements fi,..., fk with k ^ n -I- 1 in P 
is said to be a regular sequence if fi is not a zero-divisor in R and the class [fi] is not a zero-divisor in 
R/ {fi,---, fi-i) for each 2 ^i^k. 

Now we will state the following results which will be needed for our argument later on. 

Lemma 4.6 (Fletcher [81, Lemma. 7.1). Let X C CP”(ao,..., On) be a well-formed quasismooth weighted 
complete intersection with the defining ideal I{X) = (/i,..., fk). Suppose deg fi = di. Let A be the 
residue ring 

_ C[zo, . . . , Zn] 

{fl,---Jk) ' 
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Since each /j is homogeneous, the ring A decomposes into each graded piece: A = Am- Then 


if 9 = 0 

if 9 = 1,..., dimcX - 1 
if 9 = dime X 

k n 

for all TO € Z, where a = E dx - E di- 

\—l 2=0 


H<^{X,Ox{m)) 


0 

4 

-^rv — r 


In particular, we have the following beautiful result for hypersurfaces. 


Theorem 4.7 (Fletcher m, Theorem 7.2). Let f be the defining polynomial of a weighted hypersurface X in 
CP"(ao,..., On) with deg f = d. The Jacobian ring R{f) of f is the quotient ring 


Rif) 


*^[^05 ■ • ■ 7 ■^n] 

JJT JH’ 

' Szo ’ ■ ■ ■ ’ / 


Let R{f)m denote the m-th graded part of R{f). Then the Hodge numbers of X are given by 


hP’'>{X) 


'0 

1 

dime R{f)qd+a 

^diuic R{f)qd+a + 1 


if P + qf^n-l, pf^q 
if P + qf^n-l, p = q 
if P + q = n-l, pfq 
if P + q = n-l, p = q, 


where a = d — a^. 

i=0 

4.2. Orbifold admissible pairs with a compatible antiholomorphic involution from weighted complete 
intersections. Here we consider a situation where the gluing condition holds naturally. We first recall the 
following result, which provides a way of obtaining orbifold admissible pairs of Fano type. 

Theorem 4.8 (Kovalev ifT^ I. Let V be a Fano four-orbifold with isolated singular points which have local 
crepant resolutions, D £ |—Ffy | a smooth Calabi-Yau divisor, and S a smooth surface in D representing the 
self-intersection class of D ■ D onV. Let w : X V be the blow-up ofV along the surface S. If we take 
the proper transform D' of D under the blow-up w, then {X, D') is an orbifold admissible pair. Moreover, 
yields an isomorphism between D' and D, and so we may denote D' by D. 

Proof See US, Proposition 6.42 and Corollary 6.43. These results for Fano threefolds also hold for Fano 
four-orbifolds V. □ 


The above orbifold admissible pair {X, D) obtained from V and D is said to be of Fano type. 

Next we consider a well-formed weighted projective space W := CP^“*'^(ao, ai,..., 0 ^+ 3 ) with k ^ 1. 
Let fi,..., fk+i be a regular sequence of weighted homogeneous polynomials such that 

k fc + 3 

( 1 ) E ^ E ^ /a, 

A—1 2=0 

( 2 ) y is a complete intersection defined by the ideal Ik-i = {fi,..., fk-i), with isolated singular points 
modelled on C^/Z 4 (we set Iq = 0 and V = W when k = 1), 

(3) P is a smooth complete intersection defined by the ideal Ik = {fi,..., fk), so that D fl Sing V = %, 
and 

(4) 5 is a smooth complete intersection defined by the ideal = (/i,..., fk+i) with degfk+i = 
deg fk. 

Then L is a four-dimensional Fano orbifold with D a smooth anticanonical Calabi-Yau divisor, and S' is a 
smooth surface in D representing D ■ D on V. Suppose there exists an antiholomorphic involution a on W 
such that 

(5) a* fi = fi for i = 1,..., fe -f 1 and tr acts freely on D and S, and 

( 6 ) = Sing V, where = {x \ cr(x) = x }. 
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Then by Proposition l3. 101 a lifts to an antiholomorphic involution a on the blow-up w : X := Bl 5 (y) V 
such that a preserves and acts freely on the exceptional divisor E := zu~^{S). Let [z] = [zq, ..., zt] be 
weighted homogeneous coordinates on W, with deg Zi = ai for i = 0,..., fc + 3. We can describe the 
blow-up X of V, the exceptional divisor E and the proper transform E' of D as 

X = Bl 5 (T/) = { ([z], €W X CP^ \ /i(z) = • •• = /fc_i(z) = 0,vfk{z) = ufk+i^z) } , 

w.X—^V, ([z], [m,!;]) I—[z], 

E = w-\S) = { ([z], [m,u]) GWxCP^l /i(z) = --- = fk+i{z) = 0}=Sx CP\ 

D' = w-^{D\S) = { ([z], [u, v])GWx Cpi I /i(z) = • • • = fk{z) = u = 0 } 

= D X { [0, 1] € ^ D, 

E n D' = S X {[0,1] e CP^ } ^ S. 


Note that the above equation vfk (z) = ufk+i (z) is well-defined because both fk (z) and fk+i (z) are sections 
of the line bundle Ow{dk)- Also, we can compute as 

D' = w*D - E, 

= w*Kv +E = w*{Kv + D)-D' = -D', 

D'\j,,=D' -D' = 0. 

Let z' = (zg,..., and consider the transformation 

Zi = Zi for i = 0,l,...,k + l, z {^2 = fk{z) and = /fc+i(z). 

Then z' define well-defined coordinates on W, and we can rewrite X and D' as 

X = { ([z'], [w,t;]) €Wx<CP^\ /((z') = • • • = fUiz') = = uz'k+, } , 

P' = { ([z'],[M,t;]) eX| u = 0 }, 


where/'(z') = /i(z)for 7 = 1. In this coordinate system, it follows from the proof of Proposition 

I3.10l that 


a(z',[u,v]) = {a{z'),[u,v]) for {z',[u,v]) £ X. 

Thus we may assume that the defining function u of D' on X satisfies (13.51) . so that 5 is a compatible 
antiholomorphic involution on X. 

Now if k ^ 2 and we exchange fk and fk-i and correspondingly choose another fk+i in the above situa¬ 
tion, then V and X may change, but D and the asymptotic model of X\D do not change. Let {Xi,Di) and 
CTi be the former orbifold admissible pair {X, D') and a, and (^2, LI 2 ), <^2 the latter. Setting the isomorphism 
7 : Pi ^ P 2 by 

/ = o • -Di —> D — > D2, 


we have / o cti = 0-2 o /. Consequently we have the following 


Theorem 4.9. The above isomorphism f satisfies the gluing condition given in Section 13.4.11 Thus we 
can apply Theorem Vi .24\ to {Xi, Di), Oi for 7 = 1,2, to obtain a compact simply-connected Riemanninan 
8 -manifold M, which has holonomy Spin(7) if A{M) = 1. 


4.3. A simple example. In this subsection, we will find a simple example of compact simply-connected 
8 -manifold M admits a Riemannian metric with holonomy Spin(7) constructed by Coroll arv l3.251 We will 
use the same notation as in Section lL^ 


4.3.1. Setup. Let W = CP^(1,1,1,1,4) be the weighted projective space and [z] = [zg,..., Z 4 ] be weighted 
homogeneous coordinates on W, with deg Zi = 1 for 0 ^ 7 ^ 3 and deg Z 4 = 4. Then W has an isolated 
singular point p = [0, 0,0, 0,1], which is modelled on C^/Z4. If we define an holomorphic involution a on 
IT by 

[zo,Zi,Z 2 ,Z 3 ,Z 4 ] I-)► [-Zi,Zg,-Z3,Z2,Z4], 

then we have = { P } = Sing W. Define 

(4.3) V = W, P = { [z] G IL I/i(z) =0} and S = { [z] £ W [ fi(z) = f 2 (z) = 0 } 
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by weighted homogeneous polynomials 

(4.4) /i (z) = Zq + zf + Z 2 + + zf and / 2 (z) = az® + azf + bz^ + bz^ + czl, 

where a, b and c are real coefficients. Then we see that conditions (l)-(3), (5) and (6) in Section |T2] hold. 
Also, we can choose a, b and c so that condition (4) holds. Thus following Section |T2] we have an orbifold 
admissible pair {X, D) from V, D and S, where X = Bls(14) and we denote the proper transform D' of D 
by D again. Also, the lift of tr on X, which exists by Pronosition ld.lOl and is denoted by a again, satisfies 
conditions (f) and (g) in Definition l3.11l so that cr is a compatible antiholomorphic involution on X. Applying 
the doubling construction in Corollarv l3.25l we can resolve the orbifold = Xj (a) U X/ (cr) to obtain a 
compact 8 -manifold M. Then we have the following result. 

Theorem 4.10. This simply-connected 8 -manifold M admits a Riemannian metric with holonomy Spin(7). 
Moreover M has 

{ b^{M) = b^(M) = 0 , 
i b^{M) = 1678, 

[x{M) = 1680 and t{M) = 576. 

We will show this theorem in Section lT.3.51 


4.3.2. Contributions from the singular point. First, we observe that the branched covering of the isolated 
singular point p = [0,0, 0,0, 1 ] in 14 = 1,1,1,4). Consider the surjective morphism 

TT : CP^ —^ V 

defined in (14.21 ). and let [w] = [wq, ■ ■ ■, 1 ^ 4 ] be the standard homogeneous coordinates on CP^. Then the 
restriction of the map tt to E 4 := { [w] S CP^ | W 4 = 0 } is bijective since S 4 can be identified with CP®. 
On the other hand, the restriction of the map tt to Up := { [w] G CP^ | t /;4 ^ 0 } = is 4 : 1 except at p. 
This is because we have Pp := { [z] G 14 | Z 4 0 } = C^/Z 4 as seen in Section H.l.ll 

(4.5) CP4 = (E 4 U{p}) U {Up\{p}) 

rr 1:1 4:1 

c = (S4U{p}) u {Up\{p}). 


Here we denote S4 = 71(^4) = { [z] G C | 2:4 = 0 }. 

Next we prove the following result. 

Lemma 4.11. Let F be a projective subvariety o/CP"^ with P H { p } = 0, and F = tt{F). Then we have 

x(P) = i(x(i^) + 3 x(PnE 4 )). 

Proof The property of the map (14.51 ) yields 

x(P) =x(P\S 4 ) + x(i"nE 4 ) 

=4x(P\E4)+x(^’nE4) 

=4x(^^) - MF n E 4 ) = 4x(P) - 3x(P n S 4 ), 


where we used P n E 4 = P D E 4 for the second and last equalities. Then arrangement shows our result. □ 

4.3.3. Computing the cohomology ofD. In order to prove Theorem l4.10l first we need to calculate the Euler 
characteristic x{D) of the smooth Calabi-Yau divisor D. We will find this by following two ways. 
Computing x{D): First way. Let /i and /2 be the weighted homogeneous polynomial defined in (14.4b . Then 
fi = TT* fi for i = 1,2 are homogeneous polynomials of degree 8 in C[t/;o, • ■ ■, ^4] given by 

(4.6) /i (w) = u>o + u>® + w® + '*^3 + ^4 j /2 (w) = aw® + aw® + hw® + hwf + cw|, 

where [w] = [wq, ... , W4] are the standard homogeneous coordinates on CP^. Setting 


(4.7) 


P = { [wl G CP^ 


/i(w) = 0 I 


and 


S = 


I [w] G CP'‘ /i(w) =/ 2 (w) = 0 I, 
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we have 7r(D) = D, tt{S) = S and £)n{p} = S'n{p} = 0, so that the assumption of Lemma |4 . 11 1 holds 
for F = D, S. Thus x(D) is computed in terms of x{D) and x{D D S 4 ). Since D D S 4 is given by 


(4.8) £1 n E 4 = 


I [w] € CP^ /i(w) = r(;4 = 0 I = { [w'] € CP^ | w® + w 1 + w 2 + ^3 = 0 } i 


where [w'] = [wq ,wi,W 2 , w^] are the standard homogeneous coordinates on CP®, computing the total Chern 
classes gives 

x(D) = -2096 and x(P n S4) = 7808, 
which leads to the following result by Lemma l4.11l 


Proposition 4.12. This smooth Calabi-Yau divisor D on V has the Euler characteristic 


X{D) = -296. 


Computing x(P).' Second way. Theorem l4.7l determines the Hodge numbers of D as follows. Let R{f) be 
the Jacobian ring of / 

f \ ) ■24] 

> - /.7 .7 -7 -7 . \ • 

\20) 24,^2,23, Z 4 / 

Assume that a graded ring B is finitely generated over C. Then the Hilbert series of the graded ring B = 
Bm is defined to be 

00 

HB{t) = ^(dimcPm)f'"- 

m—0 

On the one hand, we can apply HI, Proposition 23.4 to the Jacobian ring P(/). Consequently, the Hilbert 
series of R{f) is the power series expansion at f = 0 of a rational function 

^R{f)W = _ ^^4 = 1 + 4f + lOf^ H-+ 149f® + 0{t^). 

Then Theorem 14 . 71 gives 

= dimcP(/)o = 1 and = dimcP(/)8 = 149. 


Thus the Hodge numbers of D are 


lF’i{D) = 


1 

0 0 

0 1 0 

1 149 149 1 , 

0 1 0 

0 0 

1 


i 

P: Betti numbers 

0 

1 

1 

0 

2 

1 

3 

300 

4 

1 

5 

0 

6 

1 


Since the Euler characteristic x(P) is also given by x(.D) = the result is consistent 

with Proposition I4T2] 


Remark 4.13. Theorem 14.71 is not essential to calculate the Hodge numbers in this example. In fact, we 
already know that hP’^ = = 1 since P is a Calabi-Yau threefold (see CD, Proposition 6.2.6). Therefore 

the Lefschetz hyperplane theorem and the Euler characteristic determine the Hodge numbers in this case. 


4.3.4. Computing the cohomology of S. Analogously to Section l4.3.3l we shall find all Hodge numbers of 
the weighted complete intersection S defined in (14.3b . 

Recall that fi{z) and /i(w) for f = 1, 2 are weighted homogeneous polynomials in C[ 2 :o, ■ ■ ■, 24 ] and 
C[t(;o,... ,W 4 ] given by (14.4b and (14.6b respectively. Also recall that the smooth complex surface ^ is a 
complete intersection given in (14.6b and (14.7b . for which we have x{S) = 7808. As in (14.8b . we have 


5'nE4 


I [w] e CP"^ /l(w) = / 2 (w) = •u;4 = 0 I 
{ [w'] G CP® I iuq + tu® + + w® = aw® + aw® + &w® + &w® 


0}. 
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which is a smooth complex curve in S with x{S fl S4) = —768. Again by using Lemma H.lll we find 

X(5) = 1376. 

Also, we have (S) = 0 by the Lefschetz hyperplane theorem. Let us consider the residue ring 

_ C[zo,...,Z 4 ] 

(/l,/2) ■ 

Using m, Proposition 23.4 again we find that the Hilbert series of A can be written as 
= (1 = 1 + 4^ + lOf' + • • • + 199f« + 0{f). 

Applying Lemma H751 to the residue ring A for q = 2,m = 0 and a = 8, we have 

= dime Ag = 199. 

Then the Hodge numbers of S are 

1 


0 0 

= 199 976 199 

0 0 

1 


since x{S) = 1376. By the Hodge index theorem, we find the signature of S is 

dime S 

t{S) = 2 = -576. 

p,q=0 

Summing up our argument in Section [4.3.41 we have the following result. 


i 

E: Betti numbers 

0 

1 

1 

0 

2 

1374 

3 

0 

4 

1 


Proposition 4.14. This smooth compact complex surface S has 

x{S) = 1376 and t{S) = —576. 

4.3.5. Conclusion of the above example. Now we are ready to prove Theorem l4.10l We use the same notation 
as in Section [4.3.1l The reader should refer to Section 4.4 in 13 as needed. 


Proof of Theorem \4.10\ First we will compute the Euler characteristic and the signature of the resulting com¬ 
pact simply-connected 8-manifold M. Recall zu : X —->■ V is the blow-up of V along the submanifold S. It 
is well-known that the Euler characteristic of X satisfies the equality 

(4.9) X(^) = X(l") + xiE) - x{S) 

where E is the exceptional divisor of the blow-up va. As seen in Section H?^ we have E = S x CP^, and so 

x(X) = x{V) + x{S) = 1381, 

where we used Proposition 14.141 and x(^) = 1; l!4)) = 5. Thus x(2f) = x{^) ~ x{D) = 

1677. Since cr fixes the singular point p in X, we have 

x{X/{a)) = ^{x{X) + l) = 839. 

Now we construct M by resolving the orbifold = Xj [a) C Xj (cr) with two isolated singlular points. 
Observing from (13.2b that replacing the neighborhood of each singular point in with an ALE manifold 
Xs adds 1 to the Euler characteristic, we have 

X(M) = x(M^) + 2 = 2x{X/ (a)) + 2 = 1680. 

To find the signature t(M), we see that 


t(X) = t(V) - t(S) = 577 
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in the same manner as ( 14.91 ). Hence 

t { M ^)= 2 t { X / { cj )) = t { X ) + 1 

= i(2r(X) - t{D X CP^)) + 1 = 578. 

Consequently we obtain our result 

r(M) = t ( M ^) - 2 = 576 
by taking resolutions of isolated singular points. 

Next we shall show that M admits a Riemannian metric with holonomy Spin(7). This is a consequence 
of Theorem l2.8l In fact, the Euler characteristic x(M) = 1680 and the signature t { M ) = 576 above give 
the A-genus A{M) = 1 for our example. Hence the assertion is verified. 

Finally we find the Betti numbers of our Spin(7)-manifold M. Consider 

= Zi\J Z 2 

where Zi = X/ (a) for i = 1, 2. Then we have homotopy equivalences 

(4.10) M^^ZiUZ2, Z^AZ 2 ^[DxS^)/{aD^s\cy\)=-Y 
as in 161, equation (4.6). Here the action of cr^xSi,cyi is given by (13.81) . 

Lemma 4.15 (Kovalev lfT3l ). Let Zi (i = 1, 2) and Y be as above. Then we have 
b^{Y) =b'^{Y) =0 and b‘^{Zi) = b^{Zi) = 0. 

Once Lemma l4.15l has been proved, we conclude that 

= b^{M'^) = 0 

by applying the Mayer-Vietoris theorem to (14.101) . Then it follows from x(AT^) = 1678 that 

b^{M'^) = 1676. 

By (15.10) in ifTTl . the Betti numbers V {M) satisfy 

b>[M) = V{M'^) for j = 1,2,3 and b^{M) = b^) Y k 

where k is the number of singlular points in . Thus, we conclude our Spin(7)-manifold M has the Betti 
numbers (6^, 6^, b^) = (0, 0,1678). In particular, this is a new compact Spin(7)-manifold since no example 
with the same Betti numbers can be found among the known ones, all of which are listed in ifTTl and l3l . 

In order to prove Lemma llTSl it suffices to show 6^ (Z^) = b^{Zi) = 0since6^(K) = Oforj = l,2were 
already proved in iflBl . Proposition 6.2. Recall that 6^(1/) = land5^(E) = 0 because E is CP'^(1,1,1,1,4). 
Now t37“^(S') = S X CP^ where w : X ---» V is the blow-up of V along S. Then the Betti numbers P{X) 
are given by the formula 

P(X) = b\V) + P-'^{S) 

(see in, (1.10)). This gives 

b'^(X)=b'^{V) + b°{S) = 2 and b^(X) = b^{V) + b^{S) = 0. 

Since there is a tubular neighborhood U of D in X such that 

(4.11) X = XLIU and X r\U ~ D x x R^o, 
we apply the Mayer-Vietoris theorem to (14.111) . Then we see that 

(4 12) Y(X) = I>HX) + 1. 

)t=(X) = i.»(X) + 611(D) - i.2(X) 

(see IfTTl . (2.10)). Let 6*(X)‘^ be the dimension of the cr-invariant part of H^{X, R). Then 

b‘^{Zi) = b‘^{xy = 0 

because H^(X, R) is generated by the Kahler form on X and not tr-invariant. Similarly, 

b^{Zi) =b^{xy = 0 


by (14.121 ) and the assertion is verified. 


□ 












22 


MAMORU DOI AND NAOTO YOTSUTANI 


5. Other examples 

5.1. Complete intersections in CP®(1, 1, 1, 1, 4,4). There are other examples based on the weighted com¬ 
plete intersection of two weighted hypersurfaces inW = 1,1,1,4,4) with homogeneous coordinates 

[z] = [zfj,..., Z 5 ], where deg Zi = 1 for 0 ^ i ^ 3 and deg Zj = 4 for j = 4, 5. Define an antiholomorphic 
involution tr : W — W by 


[ZO, ■ • ■ ,^ 5 ] '- [-Zi,Zo,-Z3,Z2,Z4,Z5j. 


Consider complete intersections 

Cl = { [z] e VC I /i(z) = 0 } , Di = {[z] €W \ /i(z) = /2(z) = 0 } and 

S'! = { [z] e VC I /i(z) = /2(z) = /3(z) = 0 }, 

where fi and /2 are defined by 

/i(z) = Zq + Zi + Z 2 + Z 3 + Z 4 — z'^ and / 2 (z) = Zq + zf + Z 2 + z^ + 2 z 4 + 2 : 5 , 

and / 3 (z) is chosen so that deg /3 = deg /2 = 4, <j *= f^, and is a smooth complete intersection 
in VC. Then Ci has two isolated singular points pi = [0, 0,0,0,1,1] and p 2 = [0,0,0, 0,1, —1], which are 
modelled on C^/Z 4 and fixed by a. We can see easily that conditions (l)-( 6 ) in Section l4^ hold, and thus 
following the argument in Section 221 we obtain an orbifold admissible pair {Xi,Di) with a compatible 
antiholomorphic involution ai. 

Similarly, we set gi = / 2 , (72 = fi and 

V2={[z\€W \ 5i(z) = 0 } , D2 = {[z] €W \ gi{z) = 52(2) = 0 } and 

S'2 = { [z] e VC I pi(z) = 52(2) = 53(2) = 0 }, 

where we choose g^ with deg 53 = deg 52 = 8 so that a*g 3 = g^, and S 2 is a smooth complete intersection. 
Then C 2 has an isolated singular point = [0,0, 0,0,1, —2], which is modelled on C^/Z 4 and fixed by tr. 
Conditions (l)-( 6 ) in Section 221 also hold in this case, and we obtain another admissible pair (X 2 , P 2 ) with 
cr 2 . Note that {Xi \ Di)/ (ai) for i = 1,2 have the same asymptotic model, and so can be glued together. 

Now we can apply Corollary 13.251 and Theorem l4.9l Setting Zi = (Xi \ Di)/ (ai) and M// = ZiU Zj, 
where i,j € { 1 , 2 }, we can resolve orbifolds M ^'2 ^nd M 22 to obtain compact simply-connected 8 - 
manifolds Mu, M 12 and M 22 respectively. Then we see that A{Mij) = 1 in each case. Hence we conclude 
that all resulting manifolds My are compact Spin(7)-manifolds. In particular, the resulting manifold M 22 
has the same Betti numbers as the above Spin(7)-manifold M in Theorem 14.101 Finally we shall list all 
Hodge numbers in Table 15.31 which are needed to compute x(My) and r(My). 

Remark 5.1. Since our examples Mii,Mi 2 with (b^,b^,b‘^) = (0,0, 910), (0, 0,1294) in Table [521 are 
already listed in HD, we can not distinguish the topological types of these examples from those in HD- 

5.2. From the viewpoint of Calabi-Yau structures. In this subsection, we will give an example of Calabi- 
Yau fourfolds constructed by Corollarv l3.23l Ingredients of this example are exactly the same as the previous 
Spin(7)-manifold in Section 2731 so that V is CP^(1,1,1,1,4), D is an smooth anticanonical Calabi-Yau 
divisor on V, and 5” is a smooth complex surface in D representing D ■ D. Let w : X V be the 
blow-up of V along S. Let D denote (again) the proper transform of ZI S |—ZTy| under the blow-up zu. 
Then we consider a ‘nice’ resolution of the isolated singular point in X as follows. Recall that a complex 
algebraic variety Y is said to be Gorenstein if the canonical divisor Ky is a Cartier divisor. Suppose that Y is 
Gorenstein and tt : Y —->■ Y is a resolution of Y. We say tt is a crepant resolution if 0{K^) = tt* {0{Ky)). 
Now the above X has an isolated singular point which is modelled on GA 114 . Then toric geometry gives a 
method for finding all crepant resolutions. See ifTSll . and HD, Section 6.4 for more details. For example, the 
above GAII 4 has a unique crepant resolution C'^/Z 4 which is isomorphic to Kcps. Let W : X —->■ X and 
TT : V —->■ V he the crepant resolutions of X and V respectively which are given by the above argument. 
Let D denote the proper transform of D G |—ZTy| under this resolution W. Then there is an induced map 
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w : X —V which makes the following diagram commutative: 

I I 

7f: crepant I \ it crepant 

Y y 

Here the vertical maps are crepant resolutions and the horizontal maps are the blow-ups of four-dimensional 
complex algebraic varieties along the complete intersections. By gluing two copies of X \ D along their 
cylindrical ends, we obtain a smooth compact 8-manifold M. 

Proposition 5.2. The above compact simply-connected smooth ^-manifold M is a Calabi-Yau fourfold. 

Proof Again by Theorem l2.8l it suffices to see that A{M) = 2. Let E be the exceptional divisor of the 
crepant resolution tt, that is, 

X{E) = x(C4/Z4) = x{Kcp3) = 4. 

Then we have the equalities of the Euler characteristics 

I x(X) = X W - 1 + x(E) = 1381 - 1 + 4 = 1384, 

\x(E)=x(E) = -296. 


This implies 


X(M) = 2(x(X) - x0)) = 3360. 

In order to find the signature t{M), we see that t{X) = t{X) — 1 = 576. Hence we have 
t(M) = 2t{X) - T0 X CP^) = 2 • 576 - 0 = 1152. 

Substituting x{^) t(M) into (12.5b we have A{M) =2. □ 
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Table 5.3. The list of the Hodge diamonds 


Index 

Weighted hupersurfaces Smooth Calabi-Yau Weighted complete 

in W divisors on Vi intersections in Vi 

i 

L D = Di=D2 D, 

1 

1 

0 0 1 

0 1 0 0 0 1 

0000 010 00 

0 35 232 35 0 1 149 149 1 35 232 35 

0000 010 00 

0 1 0 0 0 1 

0 0 1 

1 

2 

1 

0 0 1 

0 1 0 0 0 1 

0000 010 00 

0 0 1 0 0 1 149 149 1 199 976 199 

0000 010 00 

0 1 0 0 0 1 

0 0 1 

1 


Table 5.4. The resulting Spin(7)-manifolds in Section [541 


The resulting 

Spin (7)-manifolds M 

t{M) 

xiM) 

64 

Mn 

320 

912 

910 

Mi2 

448 

1296 

1294 

M 22 

576 

1680 

1678 
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